Recent experimental results ͓J. Fluid Mech. 345, 45 ͑1997͔͒ for long-wavelength surface-tension-driven rupture of thin liquid layers (ϳ0.01 cm͒ found the onset for significantly smaller imposed temperature gradients than predicted by linear stability analyses that assume an initially flat interface with periodic boundary conditions. The presence of sidewalls and other aspects of the experiment, however, led to deformed interfaces even with no imposed temperature gradient. These sidewall effects were not due to a small system size since experiments with aspect ratios as large as 450 were significantly affected. The stability analysis presented here takes into account the effects of the deformed interface profile and shows that these effects account for some of the disagreement between experiment and theory. In addition, deviations from standard linear stability theory caused by these effects have the same qualitative behavior as the deviations seen in the experiments. © 1998 American Institute of Physics. ͓S1070-6631͑98͒01612-2͔
A shallow or viscous liquid layer possessing a free upper surface and heated from below can exhibit a longwavelength deformational instability [1] [2] [3] [4] that leads to the rupture of the surface and the formation of a dry spot or a high spot. 5 The instability arises from fluctuations of the liquidgas interface height, which induce temperature variations on the free surface. Since the surface tension decreases with increasing temperature (d/dTϭϪ T Ͻ0), liquid from a warm depressed region on the surface will be pulled to a cool elevated region, thus amplifying the fluctuation. For a sufficiently large imposed temperature gradient, gravity cannot stabilize this deformational disturbance and the interface ruptures.
Experiments on the long-wavelength instability 5 find agreement with linear stability analyses that assume a flat interface with periodic boundary conditions for liquid depths Ͼϳ0.015 cm; however, the experimental results deviate significantly from the theory for thinner depths, sometimes finding onset to instability at half the imposed temperature gradient predicted by linear stability theory. While spatial nonuniformities in the imposed temperature gradient can lead to earlier onset in an experiment, the nonuniformities required to cause the observed deviations would have been an order of magnitude larger than those present in the experiment and would not exhibit the depth dependence seen in the experiment. 5 In this paper, we examine the effect of sidewalls and the filling of the cell on the onset of instability in the experiment. Since the experiment used a fixed sidewall height of 0.02 cm, 6 a mean liquid depth smaller than 0.02 cm was obtained by underfilling the experimental cell with the liquid, whereas a mean liquid depth greater than 0.02 cm was obtained by overfilling the cell. In both cases the liquid was pinned at the top of the sidewall; for all experiments, the cell was first overfilled and then liquid was removed to achieve the desired liquid depth. The pinning at the sidewall and the underfilling or overfilling of the liquid necessarily led to deformed interfaces, even with no temperature gradient. We show below that these two conditions account for some of the disagreement between theory and experiment. These sidewall effects are not simply due to small system size, however, since the experiments had aspect ratios ͑length/depth͒ ranging from 150 to 450; in fact, the deviation from theory was generally larger, not smaller, for the larger aspect ratio experiments.
We employed an evolution equation for the height h(x,t), of the interface, 3 where Ϫ1рxр1, J(x,t)ϰ͐ 0 h u(x,z,t)dz is the fluid flux in the horizontal direction, u is the x component of the velocity field, and z is the vertical coordinate. The inverse dynamic Bond, static Bond and two-layer Biot numbers, respectively, are defined as
is the mean depth of the liquid ͑gas͒, k (k g ) is the liquid ͑gas͒ thermal diffusivity, is the liquid density, is the surface tension, g is the gravitational acceleration, L is the horizontal extent of the liquid container, and ⌬T is the mean temperature difference across the liquid layer. The inverse dynamic Bond number D (ϰ⌬T) is the experimental control parameter; B is a measure of the relative strengths of gravity and surface tension; and F describes the heat transport at the interface and selects whether a dry spot (F Ͻ1/2) or a high spot (FϾ1/2) forms when the system becomes unstable. A linear stability analysis of Eq. ͑1͒ around a flat interface assuming periodicity in the horizontal direction yields that the system is linearly unstable when D(1 ϩF)Ͼ0.703 for the experimental value of Bϭ18.
In order to investigate the influence of the sidewalls and over/underfilling on the onset of convection, we solved Eq. ͑1͒ with appropriate nonperiodic boundary conditions. The pinning of the interface by the sidewall gave us our first two boundary conditions, h(xϭϮ1)ϭh 0 . Because all lengths are scaled by d, and 0.02 cm was the height of the sidewalls, h 0 ϭ0.02 cm/d. Thus h 0 Ͼ1, or equivalently dϽ0.02 cm, corresponds to underfilling of the liquid, and h 0 Ͻ1 (d Ͼ0.02 cm͒ to overfilling. The second pair of boundary conditions came from the conservation of the liquid condition ͑continuity equation͒,
By virtue of Eq. ͑1͒, Eq. ͑3͒ corresponds to
which is satisfied provided that the initial condition satisfies ͑3͒ and J(xϭ1,t)ϭJ(xϭϪ1,t)ϵC(t). Since J(x,t) is the net fluid flux through a vertical line at x, C 0 would correspond to a net fluid flow through the sidewalls, and thus, through the experimental cell. Since the experiment was a closed system with no mean flow, we used Cϭ0. Therefore, our boundary conditions were h͑xϭϮ1͒ϭh 0 , ͑5a͒
J͑xϭϮ1͒ϭ0. ͑5b͒
We solved Eq. ͑1͒ numerically using a Chebyshev-tau pseudospectral method. 7 To prevent aliasing we used a 2/5 rule for our fourth order nonlinearities-i.e., for N spatial grid points, we used only the lowest 2N/5 spectral modes. For time stepping, we employed the CVODE solver 8 to handle the stiffness of Eq. ͑1͒.
We solved for the steady-states H D (x) and the stability of these states using two different methods. In the first method, we gave the system an initial condition and then evolved the system in time using Eq. ͑1͒. The initial condition evolved to a steady-state if the system was stable ͑see Fig. 1͒ , but evolved to a ruptured state ͑a dry spot or high spot͒ if the system was unstable. The difficulty with this procedure was finding initial conditions that satisfied both ͑3͒ and the boundary conditions ͑5͒, and that were not too different from the correct steady-state solution. We first guessed at an initial condition g 0 (x) for Dϭ0 and then evolved g 0 (x) in time to find the steady-state at Dϭ0. We then used this steady-state solution H 0 (x) to construct a g D (x) for larger D. We used an even polynomial g D (x) ϭa 0 ϩa 2 x 2 ϩ¯ϩa 10 x 10 , where the coefficients a i were determined by ͑3͒ and ͑5͒, along with g D (x)ϭH 0 (x) at xϭ0, Ϯ0.8, and that the slope of g D (x) was equal to the slope of H 0 (x) at the sidewalls. Thus, we quasistatically increased D to obtain the steady-state solutions H D (x) for larger D. For small D, we increased D by 0.05 each iteration, though closer to onset the typical step size in D was 0.005; very near onset, we increased D by less than 0.001. When the steadystate was stable for D, but unstable for Dϩ␦D, the instability was taken to occur at D c ϭDϩ␦D/2.
The procedure just described to find D c employs an initial condition that is a finite perturbation to the steady-state if the guess g D (x) is not very close to the correct function H D (x). Since the bifurcation is subcritical, 5 at least for the periodic case, the previously described method should find an earlier onset than would be found for an infinitesimal perturbation. Our second method for solving for the stability of the system used a Chebyshev-tau steady-state solver to find H D (x). We then linearized Eq. ͑1͒ around H D (x) and evolved h(x,t)ϭH D (x)ϩ␦h(x,t) in time. Here ␦h(x,0) ϭAsin n (x) (nу5 and odd͒ was a perturbation satisfying Eq. ͑5b͒ with arbitrary amplitude A. The system was considered stable when ͉␦h(x,t)/␦h(x,0)͉Ӷ1 for all x and some tϾ0; the system was considered unstable when the first inequality was in the opposite direction. Both methods were used for Fϭ0, but since the differences in results were negligible ͓indicating that g D (x) were quite close to the correct H D (x)] and the latter method was significantly more timeconsuming, we used only the former method for F 0.
In the isothermal case (⌬Tϭ0), the interface profile is flat, except near the sidewalls, where the healing length l is just the capillary length (l/Lϭͱ/gL 2 ϭ1/2ͱB ϭ0.038). l increases with increasing ⌬T, with most of the increase in l occurring near onset. Just before onset of the instability, l is of order the size of the cell and there is no central region that can be considered flat and unaffected by the sidewalls ͑see Fig. 1͒ . This encroachment of the sidewall effects for increasing ⌬T was detected in the experiments by observing an increasing number of interference fringes in the center of the experiment.
The deformed interface profile due to the presence of sidewalls and over-/under-filling leads to an earlier onset than for periodic boundary conditions ͑see Fig. 2͒ . The larger ͉h 0 Ϫ1͉, the greater the deformation of the interface profile and the earlier the onset of the instability, with under-filling (h 0 Ͼ1) having a slightly greater effect than over-filling (h 0 Ͻ1). For nearly flat interface profiles (h 0 Ϸ1), there is no significant departure from the linear stability prediction for periodic boundary conditions. The influence of the interface profile also depends strongly on the two-layer Biot number F, where experiments with larger ͉FϪ1/2͉ are more strongly affected by the initial deformation than are those with smaller ͉FϪ1/2͉; this F dependence was previously observed in the analysis of the effects of temperature nonuniformities. 5 The stability analysis also shows that the static Bond number BϰL 2 has little effect on the results, showing that these sidewall effects are not an effect of small system size.
Our linear stability theory gave better agreement with the experimental results than the linear theory with periodic boundary conditions ͑see Fig. 3͒ . In the experiments, the fluid depth (d exp ) was measured in the center of the cell at ⌬Tϭ0 and used for d; however, for severe under-or overfilling, H 0 (xϭ0) was far enough from unity that this approximation was no longer valid, so for the theoretical calculations in Fig. 3 we iteratively found d such that d exp ϭH 0 (xϭ0)d. For thicker depths, there was little difference between our analysis and the analysis for periodic boundary conditions since the imposed deformation was small ͑i.e., the mean height was near that of the sidewall height͒ and these experiments tended to have Fϳ0.5, for which the interface profile has little effect; both models agreed well with the experimental results in this regime. For thinner depths (d Ͻϳ0.015 cm), our model has a better agreement with the experiment than did the periodic boundary condition analysis; the under-filling was significant and these experiments tended to have FӶ0.5, for which the interface profile has a more pronounced effect. The remaining deviations between experiment and theory may result from nonuniformities caused by the sidewall, such as nonuniformities in temperature and in the pinning of the liquid. The discrepancy due to these sources is hard to quantify, however. Previous theoretical analysis has shown that small temperature nonuniformites can generate earlier onset to instability; 5 in addition, simulations ͑code 1 on this paper͒ with h 0 different at the left and right sidewalls find earlier onset to instability than when h 0 is equal at both boundaries. Finally, although the experimental interface is two-dimensional and our analysis was only one-dimensional, we note that linear and nonlinear analyses of the evolution equation with periodic boundary conditions 5 found no qualitative difference and little quantitative difference between one-and two-dimensional interfaces.
In conclusion, we have shown that the pinning at the sidewalls and the underfilling of the liquid account for some of the disagreement between experimental results on onset and linear stability analyses of a flat interface that assumes periodicity. In addition, these sidewall effects produce deviations from the periodic boundary conditions linear stability theory that have the same qualitative dependence on parameters as did the deviations seen in the experiment. 
